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Vector Autoregression

» Structural, first order VAR process

"y, = by =0z + vVt VZn t Evt
" 7, =Dy = DYt VoV + VZis T €,

* {€, and{€&,} areuncorrelated white noise processes

= y.and Z, have contemporaneous effect on one another
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VAR In Matrix Form

> Restate in matrix form:

1 b12_ A _ b, N Vi V12 || Yia N E vt

b,, 1]z _bzo_ Vo1 Vol x| | €x

« Bx, =T, +T, X, +¢
= X, =BT, + B, X, + Blg,
"X =AgtAX, T &
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VAR In Standard Form

» Rewrite as two simultaneous eguations.

" V=T Ay T A4, T E,

"=t Y T s, TE,
» Error processes{e,}

= Have zero mean, constant variances and are
individually serially uncorrelated

= May be correlated with one another
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VAR Stationarity

» Substitution
"X, = A TAX,TE
"X = Ayt Al(Act A te,) T g
"X = (I +A)A+AX,+ Ag, + €
* | is2 X 2 identity matrix
» After niterations.

X = (I +A +...+ Al”)Ab+Zn:A1iet_i + A"
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VAR Stability & Stationarity

» Stability condition
" A" K O0asnXoo X =u+) Ae

/Ll:

Nl <|

y =[a,(1-a5) +a,a,] /A
Z=[ay(d-ay)+a,ay]/A

A=(1-a;,)1-ay)—a,a,
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Stationarity Conditions

» Mean isconstant: E(x,) = u

> Variance is finite and time-invariant:

E(Xt _/U)z = E{i Alieti:|

=1+ AT+ A+ A +.)) =(1-A)
0'12 015

Z :{021 622}

» 2 IS variance covariance matrix of series{y,}and { z}
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VAR Model with Lag Operator

Yy =& +a,Ly, +a,Lz, +e,
Z, =, +a,Ly, +a,Lz +e,
= Lz, = L(ayp +auly, +€3)/(1-a,l)
sy, = 2 (1-a,,) +a,a, + (1-a,L)e, * .6,
(1-a,L)d-ayl)—aa,L
_ 9y (1-a,)+a,a,+1-a,l)e, +a,e,
(1-a,L)1-a,L)-a,a,l’

—s
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VAR Characteristic Function

> Convergence

= Roots of (1-a,L) (1-a,L)- a,a,,L.2 must lie outside
unit circle

» Roots can be real or complex
= Convergent or divergent

» Solutionsfor {y,}and {z} will have same roots
= So will exhibit ssmilar paths through time
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Stationary VAR Process

» Stationary process
" a,=3,=0
" g, =&,=07
"a,=a,=02
» Roots of inverse characteristicfnare 1.11 and 2.0
= Qutside unit circle, hence stationary
» Series have positive cross-correlation

= Tend to move together
" a,and a,, are both positive
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Stationary VAR Process

VAR Process

Yi = a0 + QY1 + Q1pZig + €y
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Non-Stationery VAR Processes

» Multivariate Random Walk
"a,TayTa;=a,=09
"ap=ay=0
* Roots are inside unit circle, hence non-stationary
» Multivariate Random Walk with Drift

" 3,=-058,=0
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Multivariate Random Walk

VAR Process

Yi = Qi + Ag1Yp1 + Q0Zg T €4
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Random Walk with Drift

VAR Process

Yi = Qo T A1y + Q107 + €4
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Generalized VAR Model

» Model form
"X TAFAX L TAXL . LAX T 6
* X, 1s(n x 1) vector of n VAR process variables
* A,is(nx 1) vector of intercept terms
* A.is(nx n) matrix of coefficients
* eis(nx 1) vector of error terms
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Estimation & |dentification

» Estimation requires n +pn? terms

» Overparameterized
* Some terms undoubtedly redundant

* However, goal isto understand relationships
* Not forecasting

* I[mposing restrictions may waste vital information
» Regression analysis

» Regressors highly colinear

» T-tests not reliable way of reducing model
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Problems with |dentification

> First Order VAR In standard form

* Entails estimating 9 parametersby OLS
* 6 coefficients
* 3variance covariance estimates for error processes

» Primitive system
»= Contains 10 parameters

> Conclusion

» Need to restrict one parameter in order to identify
primitive system
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SM’s Recursive Method

» Redtrict primitive system
= Set coefficient b,, to zero

e {z} affects{y,} contemporaneously
e {y} affects{z} at one-period |lag

> Model form

" Y, =Dy —Dpzt Y t Yzt Syt
" Z, =D+ VY T VnZa T e,
» Estimation
» Estimate Standard Form coefficientsusing OL S
» Solve simultaneoudly for primitive system coefficients
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Cholesky Decomposition

> Factor error variance-covariance matrix
= Y =B1A
* Where B-1 and A are triangular matrices

- o - _
y_| 9 ©%1|_ 1 -b, Oy 0
- 2110 1 | - 2 2

O O] L AL7M0;, O,
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Vector Moving Average Systems

> VAR process
O A _Yt_ _V_ 00_311 a12_i_elt—i_
Xk =H+ Allet—' = _|T
iZo: | L | 2] ig(;_aﬂl Ay | | Cori
€ | 1 1 by, | &y,
|:62t:|_(1_b12b21) |:_b12 1 }{gzj
_Yt_ _V_ _a alz_l_ 1 _b12__gyt_

o0
= 2|

(1 b12b21) i—0| Ay Aoy __b12 1 &

N

4
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lmpact Multipliers
» Impact multipliers

s A 1 —b,
| B (1_ b12b21) L b12 1

> Restate VAR as VMA process

Ye | +i_¢11(i) (1) Eyti

Z; Z] 0 _¢21(i) ¢22(i)_ 2t

<l

X, =H+ Z¢igt—i
i=0
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|mpulse Response Functions

» Measure cumulative effect of shocks
= Example:
* ¢,,(0) measuresinstantaneous impact of changein e, ony,
» Long run multiplier
= After n periods, cumulative effect of ¢, on{y,} is: Z%(')
= Limiting value is known as long run multiplier =
> ¢, (1) are known as impulse response functions

= Plotsof ¢, (i) vsi show response of processes{y}and { z;}
to shocks
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Cointegration

» Engle & Granger 1987

» Non-stationary, integrated variables
* Linear combinations may be stationary
= Known as cointegrated

» System of economic variables in long-run equilibrium
. Blylt + B2y2t ... F Bnynt — O

» Equilibrium error process

" e =By,
= g arerandom deviations from equilibrium
= Should be a stationary process

= Componentsy,, V. , . . . are said to be cointegrated
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Cointegration — Formal Definition

» Components of vector vy, are said to be cointegrated of
order (d, b) if
» All components of are integrated of order d
= Ay isstationary
» Thereexistsvector =B, p,,...H,) It
" By, t Byt ...+ By, Isintegrated of order (d-b)
°*b>0

» Vector B is called cointegrating vector
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Examples of Cointegrated Processes

» Forward rates
» Expectationstheory E[S.,] =f,

= Error process ¢, =S.; —f;

* {¢&,,} Must be astationary process
— Otherwise arbitrage

* Eventhough {} and{f,} are nonstationary I(1) processes
» Currencies — PPP
= Difference in real exchange rates must be stationary

» Econometric models in general

» e.g. Money demand as linear function of prices, real income
and interest rate
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Notes on Cointegration

» Linearity
» Possible that non-linear relationship exists

= Cointegrating vector not unique: A3
* ) constant >0
* Usually normalize B so coefficientssumto 1

» All variables must be integrated of same order

= |fy,isl(d) andy, isl(d,) then any linear combination is1(d,)
» Usually “cointegration” means variables are Cl(1,1)

* Residual error processis|(0)
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Cointegrating Rank

» Refersto # of linearly independent
cointegrating vectors

> |f y, has n components

= At most n-1 linearly independent cointegrating
vectors
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Example: CI(1,1,) System

» Two random walk processes
"Yi= Ut ey
"Z = Uyt ey
= .. Israndom walk representing trend
" g Isgtationary error process
* May not be white noise
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Example: CI(1,1) System

Cl(1,1) Process

Yi=pttEyt
10.0 4
= U1+ €
30 Pt = pt-1 t /\‘
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Error Process Is Stationary

Error Process {y; - z;}
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Scatter Plot of System Variables

Scatter Plot of System Variables
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Stationarity Condition for CI(1,1)

» If y,and z are CI(1,1) then
" By, + B,z Is stationary
* For some non-zero values of 3, and f3,
" Hence (1, + &) + Pops + &,) IS Stationary
= Implies Bluyt +B,u, =0
» Two processes must have same stochastic trend if
they are CI(1,1) (up to scalar)
" Hy = 'Bzuzt/ Bl
"y, —Z=¢,—&, ISStationary
= Cointegrating vector isfp3 = (1, -1)
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Error Correction Models

> |dea:

= Short term dynamics are influenced by
deviation from long term equilibrium

» Example

= |nterest rate term structure
* Mean reversion property

» Model implies system variables are
cointegrated
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Simple Term Structure M odel

» ldea. short rates and long rates converge
» Model form
Ary =« (rLt—l — /Brst—l) T &y

ArLt =~ (rLt—l — /Brst—l) T &4

= g, and g, are(possibly correlated) white noise processes

= ¢o.and o, > 0 arespeed of adjustment (mean reversion)
parameters

» Cointegration
= Ar,must be stationary, hence so must (r,,, — Bry.,)
» Hence short and long rates are cointegrated, vector (1, -p3)
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Granger Representation Theorem

» For any set of 1(1) variables

= Error correction and cointegration
representations are equivalent

» Look at smple VAR model

"Vi= Y T, T E,
"Z =Y, T AL, T e,
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VAR, Cointegration & Error Correction

_(1_311L —a,L “Yt_ _gyt_
- —a,l (1- a,,L || Z, Ex

_ (1- a22L)gyt +a,le,
(1_ allL)(l_ azz L) o a12a21|—2

;= (1-a,l)e, +a,le,
=
(1_ allL)(l_ A I—) —appdy L

Yi

> Characteristic functionin A = 1/L

A - (a11 + azz)/1 + (a11a22 - a12a21) =0
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Roots of Characteristic Function

> Both roots inside unit circle

" {ys and {z} stable

= Cannot be CI(1,1) since both stationary
> Both roots outside unit circle

* Neaither {y,} and {z} isdifference stationary

» Hence cannot be CI(1,1)
* |[f roots=1, they are I(2), hence not CI(1,1)
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Conditions for ClI(1,1)

»Onei,=1,|2,|<1
~(A-ayl)e, +agle,

T - na- 4L
> Hence
(1-L)y, = Ay, = (1- a22L)gyt +a,le,
t t

(1_ /12 L)
= Stationary If [A,| <1
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From Cointegration to Error Correction

» Restate VAR as error correction model
Ay, =, (Y1 = PLi) + &y
Az, =0, (Y= PLiy) + 6y
a, = —a;dy /(1-a,)
/8 — (1_ a22)/a21
o, =a,
» CI(1,1) conditions ensure that thisisavalid EC model
" 3<>0
= At least one speed of adjustment parameters <> 0
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Vector Autoregression (VAR) and
Granger Causality

» Let{X,} and{Y,} be stationary series such that
" X, =AL) X+B(L) Y, t g,
" Y, =C(L) X +D(L) Y, te,

* ¢, ande,, are separate white noise processes
* A, B, C, D arepolynomiasin the lag operator

» Y strictly Granger causes X if
= Some of the coefficients of B are non-zero

» X strictly Granger causes Y if
= Some of the coefficients of C are non-zero

Copyright © 2000 — 2006 Investment Analytics  Forecasting Financial Markets— VAR Analysis Slide: 40



Granger Causality In Financial Markets

» Example: cash vsfutures

K=+n

Rc,t =a Z /Bka,t—k +:Bzzt—1+5t

k=—n

* R, areindex returnsin cash
* R;, areindex returnsin futures
* Z. isdifference between cash and futuresindex levels

= |f lag coefficients (3., ) are significant, futures returns |lead
cash index returns

= |f lead coefficients (3,) are significant, cash index returns
lead futures returns

Copyright © 2000 — 2006 Investment Analytics  Forecasting Financial Markets— VAR Analysis Slide: 41



Results of Research Into Causality
» Fleming (1996)
= S& P500 index futures lead cash by just over 5 mins

= Chung & Ng (1990)
* S& P 500 futures lead cash by at least 15 mins.

» Grunbichler (1994)
= DAX index futures lead cash by 15-20 mins

> Abhyankar (1998)
= FTSE 100 index futures lead cash by 5-15 mins

» Park & Switzer (1997)
= 90-day t-hill futureslead forward rates
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Example: Interest Rates

» Let R(K, t) bethe k-period rate at timet
» R(K, t) = (VK)[ER(1,t) + ER(1,t+1) +. ..
+ER(1,t+k-1) + L(k,1)
= L(k,t) istherisk/liquidity premium
* Average expected return for investing for k periods

= expected return for k successive 1-period
Investments
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|nterest Rates

» Reformulate equation as interest rate spread:

k-1 i
R(KO-REGY =1 > Y E{ARGE+ )} | +L (K,
i=1 j=1
» Stationarity
= R(k,b)isl(1) and L(k,t) is stationary
» Hence R(Kk,t)-R(1,t) is stationary
» Cointegration

* From above, expect to find (n-1) cointegrating relationships
between n interest rates of different maturities

= R(k,t)=R(1,t)+a k=2,...,n
* 3 positive and increasing with maturity
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UK Interest Rate M odel

> Pesaran& Pesaran 1994

» VAR analysis on monthly LIBOR

= ITm, 3m, 6m, 12m LIBOR rates
* Endogenous | (1) variables

» EEF = effective exchange rate
* Percentage changelag 1

= Dummy variables for 84(8), 85(2), 92(10)
* Outliers (eg. exit ERM)
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UK LIBOR
UK LIBORl
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Modeling Procedure

» Step 1 Unrestricted VAR
» Test to find appropriate order of VAR

» Step 2 Estimate Cointegrating VAR
* Find cointegrating vectors

> Step 3
= Estimate |mpul se-Response functions

Copyright © 2000 — 2006 Investment Analytics  Forecasting Financial Markets— VAR Analysis Slide: 47



Step 1 — Estimating VAR Order

List of variablesincluded in the unrestricted VAR:

R1 R3 R6 R12

List of deterministic and/or exogenous variables:

INPT DLEER(-1) D84M8 D85M2 D92M10

kkhkkhkkkhkkhkkhkkhhkkhkkhhkkhkhhkhkhhkhkhhkhkhhkhkhhkhkhhkkhkhhkhkhhkhkhhkhkhhkhkhhkhkhhkhkhkhkhkkhkhkkhkhkkhkhkkhkhkkkhkkk kkk,kk*,*x*%

Order LL AlC SBC LR test Adjusted LR test

12 2237027 11.7027-317.5275 ---ee- e

11 213.2903 17.2903 -287.0924 CHSQ( 16)= 20.8248[.185] 14.1357[.589]

10 201.6576 21.6576-257.8775 CHSQ(32)= 44.0902[.076] 29.9279[.572] AlC

197.4085 33.4085-221.2791 CHSQ( 48)= 52.5885[.301] 35.6964[.905] indicates
189.1103 41.1103 -188.7296 CHSQ( 64)= 69.1847[.307] 46.9618[.946]

179.1601 47.1601 -157.8323 CHSQ( 80)= 89.0853[.228] 60.4706f; order 2
155.9621 39.9621 -140.1827 CHSQ( 96)= 135.4811]. 91.9629].598] VAR

9
8

7

6

5 1451763 45.1763-110.1210 CHSQ(112)= 157:0529[.003] 106.6056[.626]
4 1345754 505754 -79.8743 CH 8)= 178.2546[.002] 120.9970[.657]
3 121.0112 5969 CHSQ(144)= 205.3830[.001] 139.4115[.592]
2
1
0

-312.1241 -332.1241 -363.1836 CHSQ(192)= 1071.7[.000] 727.4255[.000]

Copyright © 2000 — 2006 Investment Analytics  Forecasting Financial Markets— VAR Analysis

Slide: 48



STEP 2 — Cointegrating Vectors

Cointegration with restricted intercepts and no trends in the VAR

Cointegration LR Test Based on Maximal Eigenvalue of the Stochastic Matrix

kkhkkhkkkhkkhkkhkkhkkhkkhhkhkkhhkhkhhkhkkhhkhkkhhkhkhhkhkhhhkhhhkhhhkhkhhkhkhhkhkkhhkhkhhkhkkhhkhkkhhkkhkhkkhkhkkhkhkkhkhkkkhkkkikkk,*x*%x

175 observations from 1980M 3 to 1994M9 . Order of VAR = 2.

List of variables included in the cointegrating vector: Conclude

R1 R3 R6 R12 Intercept thereare 3

List of 1(0) variablesincluded in the VAR: cointegrating
Vectors

DLEER(-1) D84M8 D85M2 D92M 10
List of eigenvaluesin descending order:
39641 .31188 .11064 .022479  .0000

kkhkkhkkkhkkhkkhkhhkkhkhhkhkhhkhkhhkhkhhkhkkhhkhkhhkkhhhkhkhhkhkhhkhkhhkhkhhkhkhhkhkhhkkhhkkhkhkkhfhkhkhkkhkhhkhkhkkkhkkkhkkkkx*%x

Null Alternative Statistic  95% Critical Value  90% Critical Value
r=0 r=1  88.3497 28.2700 25.8000
r<=1 r=2 65.4148 22.0400 19.8600
r<=2 r=3 20.5200 15.8700 13.8100
<=3 r=4 3.9787 9.1600 7.5300

R Rk R R e R o o R R R R R ke o kb e R R R R kR R R R R R Rk e S o b o R

Use the above table to determine r (the number of cointegrating vectors).
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Step 3 — Cointegrating Vectors

ML estimates subject to exactly identifying restriction(s)
Estimates of Restricted Cointegrating Relations (SE's in Brackets)
Converged after 2 iterations
Cointegration with restricted intercepts and no trends in the VAR

kkhkkhkkkhkkhkkhkkhhkkhkkhhkkhkhhkhkhhkhkhhkhkhhkhkhhkhkhhkkhkhhkhkhhkhkhhkhkhhkhkhhkhkhhkhkhkhkhkkhkhkkhkhkkhkhkkhkhkkkhkkk kkk,kk*,*x*%

Vector 1  Vector 2 Vector 3

R1 98321 93871  .86499

(.011437) ( .028626) ( .050086)
R3 -1.0000 0.00 0.00

( *NONE*) ( *NONE*) ( *NONE¥*)
R6 000  -1.0000 0.00

( *NONE*) ( *NONE*) ( *NONE¥*)
R12 0.00 000  -1.0000

( *NONE*) ( *NONE*) ( *NONE¥*)
Intercept 29809 85018  1.7407

( .13362) ( .33287) ( .58088)

R Rk R R e R o o R R R R R ke o kb e R R R R kR R R R R R Rk e S o b o R

LL subject to exactly identifying restrictions= 67.8656

kkhkkhkkkhkkhkkhkhhkkhkhhkhkhhkhkhhkhkhhkhkkhhkhkhhkhkhhhkhkhhkhkhhkhkhhkhkhhkhkhhkhkhhkhkhhkhkhkhkhkkhkhkkhkhkkhkhhkhkhkkhkhkkkhkkk*x*%x

Copyright © 2000 — 2006 Investment Analytics  Forecasting Financial Markets— VAR Analysis

Slide: 50



|mpulse Response Function

> How shocksin R1 affect Term Structure

Generalized Impulse Response(s) to one 5.E. shock in the equation for R1

0.60
0.55 S R
0.50 ¢

' F3
0.4%
0.40 2E
0.35
0.30 S R1Z

Harizon

Copyright © 2000 — 2006 Investment Analytics  Forecasting Financial Markets — VAR Analysis Slide: 51



Summary

> VAR models

» Extensions of smple univariate analysis
» Emphasis on understanding relationships

» Cointegration

* |mportant idea in finance: linear combinations of non-
stationary processes may be stationary

» Error Correction models
= Model return to long term equilibrium
= Equivalence to cointegrated systems

Copyright © 2000 — 2006 Investment Analytics  Forecasting Financial Markets — VAR Analysis Slide: 52



