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Overview

> Asset Return Behavior

> Models
v ARCH
v GARCH
v GARCH-M

» Estimation procedures
» Applications
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Defining Volatility

» Nonparametric Definition
v X iIsmorevolailethany if:
v P([X|>c) > P([Y|>c) for all ¢
» Time SeriesVolatility

v Time series y, become more volatile when
* Pl Y. [>C) > P(|y, |>c) forall
* Occursif andonly if 6., > G,
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Estimating Historical Volatility

> Standard Deviation
X;=Ln(P,,/P)

a=4> (X;=X)(N -1
» Parkinson (5x times more efficient)

O

1

~ 2N4/Ln(2) 2.tn(H, /1)

» Garman & Klass (7 x efficiency)
\/ABS[le %[Ln(Hi [ L)]? -

_ NiZ (2Ln(2) - 1[Ln(C, /1 C;_)]"]
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Asset Return Characteristics

» Thick Talls

» Non-Normal Distribution

» Volatility Clustering

> Leverage

» Trading vs. Non Trading Periods
» Forecastable Events

» Volatility & Correlation
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Thick Talls, Non-Normal Distribution

v'Mandelbrot (1963), Fama (1963, 1965)

S&P500 Index Monthly Returns 1/1950-2/2001
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Volatility Is Stochastic

» Non-Constant Variance
v'Changing conditional variance

v
v
v

Highly volatile periods

nterspersed with quiet periods

|_arge returns tend to be followed by large
returns (positive or negative)

Copyright © 1999-2006 Investment Analytics Forecasting Financial Markets — ARCH Models

Slide: 7



A Conditionally Heteroscedastic Series
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Volatility Clustering
v'Periods of high vol. followed by high val.
v'Followed by decay back to normal levels

SP500 Index Volatility
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Volatility Distributions

Enron: Volatility Distribution 9/83 - 2/01
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The Volatility Cone
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L everage Effect

» Black (1976)
v Stock price changes negatively correlated with
volatility

v'Fixed costs provide a partial explanation

* Firm with equity and debt becomes more |everaged as
stock falls

e Raises equity returns volatility

v’ Correlation too large to be explained by leverage
alone

* Christe (1982), Schwert (1989)
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Correlation In Returns & Volatility

Correlation: Returns & Volatility in
SP500 Index 1950-2001
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Non Trading Periods

» Trading Causes Volatility
v'Volatility after weekendsis higher
v'Not 3 x higher (closer to 1.2 x)
v'French & Roll (1986), NY SE & AMEX
v'Baillie & Bollerdev (1989) FX
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Forecastable Events

> News Announcements
v’ Associated with high ex-ante volatility

v'Stock volatility is high around earnings dates
e Cornell (1978), Patell & Wolfson (1979, 1981)

v'Bond volatility rises on macroeconomic news
* Harvey & Huang (1991, 1992)

> Seasonal Effects

v'Volatility higher at the open and close
* Harris (1986), Gerity & Mulherin (1992)
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Intra-Day Seasonality in the Bonds
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Volatility & Correlation

» Volatility & Serial Correlation in Returns

v’ Strong inverse relationship
* Stock indices (LeBaron, 1992)
* FX markets (Kim 1989)

» Co-Movementsin Volatility

v Volatilities tend to change together
* Stocks: Black (1976)
* FX: Diebold & Nerlove (1989)

v" Also across markets
* Stock & bond volatilities move together (Schwert, 1989)
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Volatility Correlation

Correlation: 1BM vs JNJ Volatility
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Asset Characteristics - Conclusions

» The Bad News
v'iid Gaussian model inappropriate
» The Good News

v’ Correlation suggests few common factors may
explain variation
v'Stochastic volatility models (GARCH, etc.)
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GARCH Models

» Generalized Autoregressive Conditional
Heteroscedasticity
v Time-varying conditional volatility
v'Handles volatility clustering

v'Produces leptokurtic returns distributions
* Fatter tailsthan Normal

* Because changing variance allows for more extreme
values

v'"Many mode! variants (>20!)
v'Very widdly applied in finance
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Conditional Forecast

> AR(1) process: Yy, =&+ ay; + &
v’ g ISwhite noise process
* Constant mean (0), variance c?2
* Uncorrelated

> Conditional Forecast

VEYu) = &+ ay,
> Forecast Error Variance

VE[Yi1 - E(Vu)]? = ElYe: - (@ + ay)]? = E(eny)? = 62
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Unconditional Forecast

» Unconditional Expectation is Constant
‘/E(yt+1) = & /(1 - aiL)

* |.e. thelong run mean

» Unconditional Variance is Constant
VE[Yi- E(u0]* = ElYui-a/ (1- a)]*= o2/ (1-a)?
v"Unconditional forecast has greater variance
* Sincel/(1-a)>1
> Conditional Variance 1S Constant
VE(€11?) =BV~ @+ ay, )" o?
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Auto-regressive Conditional
Heteroskedastic (ARCH) Modél

» Suppose conditional variance Is not constant
» Model conditional variance as an AR(p) process
VEZ= Oyt Oy (67 + 0 (82 ... F o, (€.9)°+ V;
* v, ISwhite noise
» Multiplicative ARCH model (Engle):
Vg2 = [0, + oy ()7 Vi
* iswhite noisewitho?, =1
* g areindependent of each other
® 0,>0and0<a, <1
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Properties of ARCH

> Unconditional Mean
v Egt — E[Vt(ao + 0y (€'1)? )1/2]
= BEV,E[(0,, + 0, (€".1)2 )] = O
> Unconditional Variance

v'Ee2 = E[VZ(0lg + 01y (€'.0)? )]
= Ev@ Elog + o, (€'1.1)? ]
=0,/ (1- o)

> Covariance
vE[ee.]=0; i =0
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Properties of ARCH

> Conditional Mean of Errors
VE(e /e 80+ ) = BV =E(0p + 0y 8,42)Y] =0
> Conditional Variance of Errors

v’ So far, heteroskedasticity has no effect on {¢, }
* Mean, covariances are zero,variance constant

v’ Impact is on conditional variance

*E(c2/e,,8,...) = 62=0,+ 0,8,
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Properties of ARCH Series{y,}

» Conditional Mean: E _,(y) =& + &y,

> Conditional Variance

*Var(y/ Y Yeo - ) =EaYi- & - @y = Egf = o + oy &2
v'So minimum conditional varianceis o,
* Sincea,ande 2> 0

> Unconditional Mean
vEy,=E[a,/(1+a) + 2a'e; 1= a/(1+a)
> Unconditional Variance

vVar(y,) = 2a?var(e,) =[o,/(1- a)] x[1/(1-a?)]

* |[ncreasing in both o, and | &, |
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Key Points about ARCH

> Errors Moments

v'Zero mean, covariance, unconditional variance
» Error variance fluctuates

v'For large ¢, , variance of g, will be large

v Periods of tranquility & volatility in {y}
» Errors are not independent

v'Related through second moment

> Parameter values
v'Restricted to ensure variance > 0 and seriesis stable

® 0,>0and0<a, <1
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ARCH Example

> Parameters :
v a,=0.3,0,=09
v a=025&0.9

> Effects & Interactions

v'Larger o.,, more
oerSI Stent are ShOCkS | N { gt} ARCH Process y; = aryi1 + &¢
v'Larger a,, more
persistent is changein {y,} W N

yt
— y't

-5.0-
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GARCH Models

» GARCH(p, q)

v'Error Processe, = v\ h,
v 52 =

» Error Process{ ¢}
v'Conditional mean and variance are zero
v’ Conditional varianceish,
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Properties of GARCH

» Disturbances of series{y,} follow ARMA process
v ARMA(p, g) processin series{¢z2}

q p
2 2
E e =h =0+ Zai Eii T Zﬂ. h_
i1 i1

» Estimating a GARCH Model
v Fit ARMA model to series{y,}

v'Evaluate sample autocorrel ations of squared residuals
* Should suggest an ARMA(p, g) processin series{ez?}
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GARCH(1,1) Mode

> Model form:
h, = o, + oue%, + Bhyy
» Estimate average, unconditional variance:
vSeth =h_, =h
» Solution: h=a,/(1-a,-p)
* For stationarity, o, + B must be< 1
* Sum o, + B Isknown as persistence

> Estimation

* Assume scaled residud r, = g, /hY2 isnormally distributed
* Use numerical optimization to estimate parameters
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GARCH Models

Parameter $/BP US Stocks
G (%pa) 11.33 12.02
O 0.00685 0.00233
o, 0.0678  0.0213
B 0.9186 0.9/740
Persistence
(o, + B) 0.9864  0.9953

Copyright © 1999-2006 Investment Analytics

Forecasting Financial Markets— ARCH Models

T-Bond

0.72
0.00410
0.0132
0.9749

0.9890
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Persistence Parameter
1.00

Variance

Y

Days ahead
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GARCH Estimation

> Step 1
v'Fit ARMA model to series{y,}
v’ Calculate sample variance

;
~_ 1 3
T3
> Step 2
v'Plot sample autocorrelations of series { &2}

Z(g ~5°) (&, - 67)
,O(l) t=i+1

Z(Atz_ >
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GARCH Estimation

> Step 3
v' Test significance of autocorrelations
* 95% of coefficients should liein range +1.96/N T

* | jung-Box test
v Significant coefficients indicate GARCH errors
> Step 4

v Fit ARMA(p, g) model to series{¢32}
* Use standard Box-Jenkins methodol ogy
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Likelihood Function in Regression

» Simple Linear Regression: y, = BX, + &
v g~ 11D No(0, ¢?)
» Likelihood
v'L = (-n/2)[Ln(2r) +Ln(c?)] - (1/262) 2 (Y, - BX,)?
» MLE Estimates
v (6")2=2(g)? /N
v B = Z(Xth )/ Z(Xt )?
» Standard Error
v o'y =o'/ $ 2%, - Xmean)z} 2
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Likelithood Estimation in GARCH

» Now assume e? = [a,, + a4 (€43 V2
v'Conditional variance h, = o, + a2,
* h=o0,+ oy (Y —PX.0)?

» Likelihood
vL = (-n/2)Ln(2r) - (122 LNn(h) - (1/12)Z h(y, - Bx,)?

* Maximize L with respect to o, o, and 3
* Nonlinear model
* Use search algorithm
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>
>
>

Lagrange Multiplier Test

~or ARCH disturbances (Engle 1982)
Jse OLSto fit AR(n) to series{y,}

—orm series { g2}

» Estimate regression relationship

Ve ZE 0t o (E )2t o,(E )2t .. o)

» Testing

vIf no ARCH effectsa,=a, =...= a,=0

v' TR? ~ %2 under the null hypothesis of no ARCH
* |f test statistic islarge, rgect null of no ARCH
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Example: US Inflation

> Bollerslev (1986)
v Compared standard ARMA to GARCH
> ARMA &, =0.240+0.5525, , +0.1776, , +0.23265, ,—0.2095, , + ¢,

v' All coefficients significant

v No significant ACF or PACF coefficients

v However, ACF & PACF of squared residuals
show significant autocorrelations

> GARCH(1,1)
S, =0.141+0.4335,_, +0.2295,_, +0.3495, ,—0.1625,_, + ¢,
h, =0.007+.135¢2, +0.829h,_,
v Similar forecasts

v" Changing confidence limits
* Expand during periods of volatility
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ARCH-M Models

» Extension of ARCH

v'ARCH in the mean

v Engle, Lilien & Robins (1987)
» Applications in Asset Markets

v'Idea: risk premium should be increasing
function of conditional variance of returns
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ARCH-M Models for Asset Returns

> Assumey, =, + g,
vy, isthe excess return over risk free rate (T-Bills)
v . Isrequired risk premium
v’ ¢, Is unforecastable shock to excess return

» Assume Risk Premium Follows ARCH Process
Vi, =B +5h(3>0)

B 2
h =a,+ Zaigt—i

1=1
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ARCH-M Process Example

> Moddl:
y,=—1+h+g

1 23 45 6 7 8 9 101112 1314 15 16 17 18 19 20

ARCH Processy; = + §h; + g
4.0 -

3.0 -

2.0 -
1.0 - /\
0.0

A M e s

-1.0

-2.0 -
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GARCH-M Mode

> Process. y, = u, + ¢,
2 q 2 &
Et—lgt = ht =0y T Zai Eii T Zﬂu ht—i
i=1 i=1

> Unconditional Variance is Constant
o4

1_Zq:05i _Z,Bi

P
=1 =1

Var(g,) = >0
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Li1kelihood Estimation
Normal Errors

» Minimize Log(Likelihood) to find optimal
parameters

Log(L) -5V 2tog(2n) -3 3 Log(h)-3 3 £

t g+1 t q+1
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Li1kelthood Estimation: Student-t Errors

» Appropriate for Modeling Asset Returns
v'Distribution of standardized residuase, / Vh,
has fatter tales than Normal distribution

* v Is# degrees of freedom, estimated along with
parameters 0

Log(L) = Y L (0.0)

t=q+1

v 1 1

L (®,0)= —Iog{B(Z,Zj}—z Log(v—2)

1 v+1 &
5 Log(h,) —[Zj Log(1+ (- 2)j
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EGARCH Models

> Exponential GARCH(p, q)

Log(h,) =, +Za [hm}rzq:ai*( ;:tl/'z —g)+zp:,8ihti

t—i =1

4.
e=E hsz = % if £ ~N(0,1)
y
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Factor GARCH
» Volatility Equivalent of CAPM

2 p2 2 2
op =p Owme TO4

IBM Volatility Factor Model

100 - y = 0.496x + 26.05
R?=0.22
L

80 -

IBM Vol

100
SP500 Vol
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Lab: Estimating an ARCH Modél
for Cable

USD/GBP Spot Rate
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2.20
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1.20
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ARCH Model Procedure

» Fit AR(1) Model
v'Form series {y} =ALN(r)
VY T8t a Y t g

» Examine ACF of Squared Residuals

» Fit ARCH Modd to Error Process
vEstimatemodel h, = g2 = o, + a,.5.,°

» Lagrange Multiplier Test for ARCH Effects
v'nR? ~ x4(q)
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Solution: ARCH Model for Cable

» Evidence of AR(1) ARCH process.

Squared Residuals ACF and PACF

0.25 -  ACF
I PACF

0.20 - - = = =Upper 95%
= = = =Lower 95%

0.15 -

0.10

0.05 -

0.00 -

-0.05

-0.10

0.15 -
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Solution: ARCH Model for Cable

Max Likelihood
AIC  -2616.55

BIC -2612.98
2.07
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GARCH In Research — Equities

» Noh, Engle, Kane (1993/4)

v Test of Efficiency of the S& P 500 Index Option Market using
Variance Forecasts
e Straddle trading using GARCH vs |V forecasting

v Significant profits generated by GARCH system
* Return 1.62% /day, after transaction costs
» Highly significant ARCH effects found
v Stocks (Engle & Mastufa, 1992)
v Indices (Akgiry, 1989)
v Futures (Schwert, 1990)
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GARCH 1n Research — Fixed Income

> Weiss (1984)

v 16 different macroeconomic variables
* Including AAA corporate bind yields
* Very significant ARCH effects

» Hong (1988) — excess return 3m vs. 1m Thills
v GARCH(1,1) model, persistence > 1

v Engle, Lillien & Robins (1987)
e Similar resultsfor 6m vs. 3m Thills
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GARCH I1n Research - Forex

» High Frequency FX Processes

v'Well described by GARCH(1,1,) Model
* Hsieh (1989)
* Taylor (1986)
* McCurdy & Morgan (1988)
* Kugler & Lenz (1990)

v'Less significant for monthly data
* Diebold (1988), Baillie & Bollerdev (1989)
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Summary:. GARCH Models

» Major development of last decade

» Now widely used in financial markets forecasting
v Option volatility
v Equity & index markets
v FX markets

» Many financial time series exhibit non-stationarity
v'Due to heteroscedasticity
v'Can be modeled successfully with GARCH
v"Models how the process deals with shocks
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